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We investigate the role of squeezing interaction in inducing topological Bogoliubov excitations of
a bosonic system. We introduce a squeezing transformation which is capable of reducing the cor-
responding Bogoliubov-de Gennes Hamiltonian to an effective non-interacting one with the spectra
and topology unchanged. In the weak interaction limit, we apply the perturbation theory to inves-
tigate the squeezing-induced topological gap opening on bosonic Bogoliubov excitations and find
that the squeezing interaction plays an equivalent role as a spin-orbit or Zeeman-like coupling in
the effective Hamiltonian. We thus apply this formalism to two existed models for providing deeper
understandings of their topological structures. We also construct minimal models based on the
elegant Clifford algebra for realizing bosonic topological Bogoliubov excitations. Our construction
is potentially applicable for experiments in bosonic systems.
I. INTRODUCTION
In this century tremendous progress has been made
in the exploration and realization of topological states
of matter [1–3]. Besides the famous topological insula-
tors and superconductors [4, 5], topological bosonic sys-
tems without fermionic analogy also attract wide atten-
tions [6–10]. It is reported that magnetic materials [11–
24], optical systems [25–27], and ultracold atoms [28–32]
are capable of supporting topological bosonic Bogoliubov
excitations (BEs) with nontrivial Chern numbers or Z2
invariants. These systems are described by a bosonic
Bogoliubov-de Gennes (BdG) model which is adaptive to
the peculiar symplectic/pseudo-unitary diagonalization
[33–35]. Recent works further show that their topolog-
ical classification is different from the common Atland-
Zirnbauer (AZ) class [21, 36–41]. Moreover, the edge
state of the bosonic BEs as a typical topological effect is
also predicted [11–15, 19, 24–31, 42].
The bosonic BdG Hamiltonian is a mean-field descrip-
tion of a bosonic system with a weak nonlinear interac-
tion [33, 34]. It consists of a single-particle dispersion
term and a bi-particle annihilation/creation interaction
known as the two-mode squeezing [43]. As a vast differ-
ence from the fermionic case, the Bogoliubov transforma-
tion preserving the bosonic commutation relation belongs
to a non-compact pseudo-unitary group [44]. This brings
difficulty in the analysis of the BE modes and spectra.
For this reason, previous studies usually resort to numer-
ical computations and are unable to give a clear under-
standing on thetopological origin of BEs with squeezing
interaction. Besides, these sporadic examples [11–32] do
not provide a systematical way to construct such topo-
logical BEs. The essential problem here is the missing of
an intuitive picture that depicts the role of squeezing in
the BE spectra.
In this article, we look for a concise formula that char-
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acterizes the topological BEs of bosonic BdG systems
in the weak interaction limit. Our exploration starts
with a fact that the bosonic BdG Hamiltonian can be
continuously deformed onto a non-interacting one with
the same BE spectra and topology. We reveal that the
non-interacting Hamiltonian is nothing but the squeezed
state representation of the original model and acts as an
effective Hamiltonian. In its explicit expression, the per-
turbative squeezing interaction can be linearized as an
effective spin-orbit coupling (SOC) added to the disper-
sion term. This result translates the topological analy-
sis and construction of bosonic BdG model to those of
single-particle one belonging to the AZ class [37, 38].
Based on this discovery, we notice that the present
topological bosonic BEs are of a unified construction. In
those models the dispersion part usually corresponds to
a gapless band structure while the presence of squeez-
ing interaction opens a bulk gap in the high-lying BE
spectra. The construction has been applied to many
topological band models and can be viewed as a vari-
ation of the band-inversion [45–48] phenomenon. In this
situation, we find that the squeezing-induced SOC in
the effective Hamiltonian can be further approximated
as a momentum-independent Zeeman-like coupling. If
the model is made up of Dirac matrices, it can even be
reduced to a constant mass term. Therefore, the topolog-
ical effect of squeezing has a clear fermionic analogy and
interpretation. This provides us a deeper understanding
toward the squeezing-induced topological gap on bosonic
BEs.
As another motivation of this work, we also search
for the minimal construction of topological bosonic
BEs. Like the Atiyah-Bott-Shapiro construction for free-
fermion systems [38, 49], here we utilize the Clifford alge-
bra to yield the bosonic BdG Hamiltonian including both
the dispersion and squeezing terms. A squeezing-induced
gap is also designed to generate topological BE bands.
Despite of the difficulty in solving the exact BE spectra,
our effective Hamiltonian takes an elegant Dirac form and
faithfully reflects the origin of topology. This minimal
construction is capable of systematically producing topo-
2logical bosonic BEs by converting the fermionic topolog-
ical insulator into the bosonic version. The method will
also inspire more realistic models for experiments in the
future.
The rest of article is organized as follows. In Sec.
II, the bosonic BdG model and its effective Hamilto-
nian are introduced. In Sec. III, perturbation formula
of squeezing-induced topological gap is derived and ap-
plied to discussing two existed models. In Sec. IV, the
minimal construction of topological bosonic BE is built
and two nontrivial models are designed. In Sec. V con-
clusions are made.
II. MODEL AND EFFECTIVE HAMILTONIAN
We consider the bosonic BdG model which describes
a bosonic system with a nonlinear interaction after the
mean-field approximation [33, 34, 50]. This model is
available in various physical systems including magnonic
crystal [12, 13, 15, 22, 23], photonic crystal [26, 51,
52], and ultracold atoms in optical lattice [28–32, 53–
55]. The BdG Hamiltonian contains a dispersion term∑
k aˆ
†
kHa (k) aˆk that originates from the single-particle
system and a part of interaction [30–32]. It also con-
tains a squeezing interaction 12
∑
k aˆ
†
kHs (k) aˆ
†⊤
−k + h.c.
that is reduced from the rest part of interaction. Here
aˆ
†
k = (aˆ
†
k,1, · · · , aˆ†k,N ) is a multi-component bosonic cre-
ation operator with regard to d-dimensional momentum
k, and aˆ†⊤k transposes these elements (operators aˆ
†
k,i) to
a column vector. The complete BdG Hamiltonian can be
concisely written as
Hˆ =
1
2
∑
k
φˆ†kH (k) φˆk, (1)
with field operator φˆ†k = (aˆ
†
k, aˆ
⊤
−k) and 2N × 2N Hermi-
tian matrix
H (k) =
(
Ha (k) Hs (k)
H∗s (−k) H∗a (−k)
)
. (2)
In this system, there is an intrinsic particle-hole symme-
try [13, 26, 40, 41, 56] which reads
U−1C H
∗ (−k)UC = H (k) , UC =
(
IN
IN
)
, (3)
where IN denotes the N × N identity matrix. Besides,
we require the energy non-negative (i.e., H (k) positive
semi-definite) to guarantee the thermodynamic stability.
Before discussing the topology of BEs, we first need
to solve the BEs by a Bogoliubov transformationV that
preserves the bosonic commutation relation[
φˆk,i, φˆ
†
k,j
]
= τij , τ =
(
IN
−IN
)
, (4)
i.e., V †τV = τ . It has been known that V forms a non-
compact pseudo-unitary group U(N,N). This has a vast
difference from the unitary group used to diagonalize a
fermionic system. Nevertheless, the traditional approach
leads to implicit solutions and cannot reveal the effect of
squeezing plainly. Instead, we adopt a squeezing trans-
formation which is capable of explicitly transforming the
BdG Hamiltonian to a non-interacting one [43]. The ef-
fective non-interacting Hamiltonian will not only give the
BE modes and spectra via a common unitary diagonaliza-
tion but also present the effect of squeezing in an intuitive
way.
To be more specific, we define a squeeze operator
Sˆ = exp
∑
k
1
2
[
a
†
kw (k)a
†⊤
−k − h.c.
]
, (5)
with a natural constraint w⊤ (k) = w (−k). By using
commutation relation[
φˆk,i, ln Sˆ
]
=
[
W (k) φˆk
]
i
, W =
(
w
w†
)
, (6)
we introduce a unitary transformation
Sˆ†φˆkSˆ = e
W (k)φˆk. (7)
The field operator after transformation is a linear super-
position of aˆk and aˆ
†
−k, which still keeps the commuta-
tion relation (4). This implies that the squeezing trans-
formation is a special Bogoliubov transformation. Then
the Hamiltonian in the squeezed-state representation is
given by
Sˆ†HˆSˆ =
1
2
∑
k
φˆ†kh (k) φˆk, (8)
where
h (k) = eW (k)H (k) eW (k). (9)
To some extent, h (k) andH (k) are physically equivalent
since they are connected via a congruent transformation.
By choosing a special W (k) we can make h (k) block-
diagonal, that is τhτ = h. Using the identity τWτ =
−W , we can infer that the block-diagonal condition is
equivalent to τHτ = exp (2W )H exp (2W ) whose solu-
tion is given by [41]
e2W = H−
1
2
(
H
1
2 τHτH
1
2
) 1
2
H−
1
2 . (10)
Since H is positive definite (thermodynamic stabil-
ity), H±1/2 are well defined. Also, H1/2τHτH1/2 =
(H1/2τH1/2)2 is positive definite, then its square root
is well defined, too. If H encounters a zero energy, one
may utilize H +0+ · I instead of H and solve the limit of
h.
Combining Eqs. (3), (9) and (10), we find that the
particle-hole symmetry is inherited by h (k), i.e.,
h (k) = U−1C h
∗ (−k)UC =
(
ha (k)
h∗a (−k)
)
. (11)
3We emphasize that the above treatment is equivalent to
that of Ref. [41]. But the language of second quantiza-
tion applied here gives a clear physical interpretation, the
BdG Hamiltonian in the squeezed state representation is
reduced to an effective non-interacting one
Sˆ†HˆSˆ =
∑
k
aˆ
†
kha (k) aˆk. (12)
Now we can easily achieve the BE modes and spectra of Hˆ
by the unitary diagonalization of ha (k). The BE modes
are the eigenstates of the effective non-interacting system
after a squeezed-state transformation, and the excitation
spectra are simply the eigenvalues of ha (k).
The squeezing transformation can also be applied to
a more generic quadratic bosonic Hamiltonian without
the particle-hole symmetry [41]. The obtained effective
non-interacting Hamiltonian would contain two isolated
parts. Details are given in Appendix A.
The topological relation between the original and effec-
tive Hamiltonians has been already revealed in Ref. [41].
Since the squeezing transformation Sˆ can always be de-
formed into an identity operator in a trivial way, H (k)
can be continuously deformed onto h (k) while keeping
the excitation gap opened and the symmetry invariant.
This means that they are homotopy equivalent. As a re-
sult, the topological structure of Hˆ is identical to that
of gapped non-interacting system ha (k), characterized
by the AZ class [3, 37, 38]. Therefore, we only focus on
ha (k) instead of Hˆ in the following discussions. Then
the topological analysis of bosonic BEs is converted to
that of fermionic topological insulator.
III. PERTURBATION FORMULATION
In this section, we aim to clarify the key role of the
squeezing interaction in inducing the topological gap
opening on high-lying BEs by using perturbation the-
ory. As shown in Sec. II, the effect of squeezing has
been encoded in the expression of effective Hamiltonian
ha (k). Despite of the complicated form, linearization
of Hs (k) can be made in the squeezing transformation
when the squeezing interaction is weak. As a result, a
more concise formula of ha (k) will be achieved after per-
turbation truncation and a clearer physical picture will
be disclosed.
Firstly, Eq. (9) can be expanded with regard to W
and expressed as
h = H + {W,H}+ 1
2
{W, {W,H}}+ · · · . (13)
Up to main order, the off-diagonal block of the equation
reads
0 = Haw + wHb +Hs, (14)
where we have defined Hb (k) ≡ H∗a (−k) and omitted k
in the expression. And the diagonal block of the expan-
sion formula can be simplified as
ha = Ha +
1
2
(
Hsw
† + wH†s
)
, (15)
with the help of Eq. (14). It implies that the pertur-
bative squeezing interaction acts as an effective SOC
HSOC (k) ≡
(
Hsw
† + wH†s
)
/2, which is added to the
zeroth-order dispersion term Ha (k) in the effective
Hamiltonian ha = Ha + HSOC, since HSOC (k) involves
the (quasi-)momentum k as well as internal degrees of
freedom including sublattices, atomic orbitals and even
spins. After some algebra, the explicit expression of effec-
tive Hamiltonian in theHa,b-representation is then shown
up,(
g†ahaga
)
ij
= Daiδij − 1
2
[
g†aHs (DaiI +Hb)
−1H†sga
]
ij
−1
2
[
g†aHs (DajI +Hb)
−1
H†sga
]
ij
, (16)
where Da,b = g
†
a,bHa,bga,b are the diagonal matrices of
eigenenergies of Ha,b, ga,b are the unitary matrices and
the subscripts i, j denote the band indices. In Eq. (16),
we have substituted the unique solution,
(
g†awgb
)
ij
=
− (Hs)ij / (Dai +Dbj). Since w is unique, the parauni-
tarity of eW is automatically guaranteed. The squeezing-
induced SOC described by the last two terms records the
virtual processes of bi-particle creation/annihilation and
annihilation/creation which are provoked by the squeez-
ing interaction 12 aˆ
†
kHs (k) aˆ
†⊤
−k + h.c..
The formula of Eq. (16), however, is too complex to
grasp its profoundness. It is expected to simplify via
a slight deformation with the topological feature un-
changed. We first consider a boring case that the dis-
persion term Ha (k) already has a finite band gap on
high-lying excitation. In this case, infinitesimal squeez-
ing termHs (k) can be arbitrarily modified or even ne-
glected. In the following, we focus on another novel case
that a band-crossing point of Ha (k) (labeled by (p, λ)
in the momentum-energy space) is split by the squeez-
ing interaction Hs (k), with a bulk gap opened in the BE
bands. This is similar to the band-inversion phenomenon
in fermionic topological insulators [45–47, 57, 58] and has
covered most existed examples of topological bosonic BEs
[26, 30–32]. For simplicity, we merely discuss the case
that the gap is opened from a single excitation band-
crossing point.
Our strategy of simplification is to precisely character-
ize the BE bands around the gap-opening point (p, λ)
but slightly deform the band structure elsewhere. This
treatment grasps the key topological origin that is the
squeezing-induced gap opening. According to the per-
turbation theory, the first-order correction toward the
zeroth-order degenerate point (p, λ) is determined by
block matrix(
g†ahaga
)
ij
= Daiδij −
[
g†aHs (λI +Hb)
−1
H†sga
]
ij
,
(17)
4where i and j are confined on the degenerate levels, i.e.,
Dai (p) = Daj (p) = λ. Up to the main order, the energy
splitting of (p, λ) is accurately characterized by this for-
mula. As for the points away from (p, λ), the correction
from squeezing is tiny and can be neglected or deformed
in a topological sense. Therefore, it is feasible to extend
Eq. (17) to the whole bands (i, j running throughout the
band indices), arriving at an approximate formula
ha (k) = Ha (k)−
[
Hs (λI +Hb)
−1H†s
]
k=p
. (18)
Note that the squeezing-induced correction
Hs (λI +Hb)
−1
H†s becomes k-independent. It thus
can be interpreted as an effective Zeeman coupling.
Equation (18) is the key formula to understand the
squeezing-induced topological gap on bosonic BEs. Its
applications and validity will be shown in two examples
below.
A. Example of photonic crystal
Firstly, we revisit topological BEs in photonic crys-
tal with a kagome lattice structure [26], as shown in
Fig. 1(a). It starts with a dielectric material contain-
ing periodic pores that cause photonic band structure
[59]. In the presence of crystalline defects in an appro-
priate pattern, localized modes would appear and a tight-
binding model could be utilized to describe the system.
Meanwhile, the nonlinear effect from χ(2) optical medium
would induce an onsite squeezing interaction with the
help of an auxiliary driving light [43]. Via the rotating-
wave approximation of the driving field, the total Hamil-
tonian is given by a bosonic BdG Hamiltonian. The dis-
persion and squeezing terms are given by
Ha (k) = J

 ω/J 1 + e−ik·l3 1 + eik·l2ω/J 1 + e−ik·l1
h.c. ω/J

 , (19)
Hs ≡ s

 1 ei2pi/3
e−i2pi/3

 , (20)
where ω is the on-site energy, J denotes the nearest-
neighbor hopping amplitude, and s is the squeezing in-
tensity. Here k = (kx, ky) is the crystal momentum, and
l1 = (1, 0), l2 =
(−1/2,√3/2), l3 = (−1/2,−√3/2) are
lattice vectors (for simplicity, the crystal constant is as-
sumed to be 1.). The on-site squeezing interaction shows
a phase distribution in the internal space which is the
key for generating the topological BE.
The energy spectra of Ha (k) is gapless as shown in
Fig. 1(c). There are two Dirac points at (K, λK), (K
′, λK)
and a quadratic band-crossing point at (Γ, λΓ). The BE
spectra given by the eigenvalues of ha (k) are numerically
calculated via Eqs. (9–10), which are shown by the black
solid lines in Fig. 1(d). We infer that the squeezing in-
teraction splits all the degenerate points and generates
K K
0.8
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1.2
1.4
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K
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Figure 1. (color online) (a) Sketch of photonic kagome lattice
with squeezing interaction. The panel shows the squeezing
interaction pattern and hopping coupling. (b) A triangular
plaquette of effective model (22) with hopping J ′, which has a
nontrivial flux Φ. Band structures of (c)Ha (k) and (d) ha (k)
for the photonic crystal. In (c), the hexagon denotes the first
Brillouin zone. In (d), the black solid and red dashed lines
denote the exact and approximate BE spectra, respectively.
Here, J = 0.1ω and s = 0.35ω.
two bulk excitation gaps opening at Γ, K, K′ points. We
focus on the lowest excitation band and characterize the
squeezing-induced gap around (Γ, λΓ) by Eq. (18). Af-
ter substituting (p, λ) = (Γ, λΓ) = (0, ω − 2J) into the
formula, we find that the effective non-interacting Hamil-
tonian is described by
ha (k) = Ha (k) + J

 −ǫ/J z z∗z∗ −ǫ/J z
z z∗ −ǫ/J

 , (21)
with ǫ = |s|2 ω/2 (ω2 − Jω − 2J2) and z =
(ǫ/ω) exp (−i2π/3). Its spectra are denoted by the
red dashed line in Fig. 1 (d). We find that the approx-
imate result fits the exact solution well, especially near
the original band-crossing point (Γ, λΓ). The Chern
number for lowest BE band is −1. In addition, it is
worthy to mention that the analytical result disagrees at
K point since the perturbation applied around Γ point
works for the low-lying BEs and is not responsible for
the high-lying BEs.
The value of Chern number can be analytically un-
derstood as follows. At the symmetry point Γ, the ef-
fective Hamiltonian ha (k = Γ) shows that each nearest-
neighbor hopping given by J (1 + z/2) possesses a phase
arg (1 + z/2) and an flux Φ = 3 arg (1 + z/2) is accumu-
lated for each triangular plaquette. This can be extended
from the symmetry point Γ to the whole Brillouin zone
in the sense of topology. Therefore, we achieve a new
model, as shown in Fig. 1(b), by making a slight defor-
mation z 7→ z (1 + e−ik·li) /2 for the squeezing-induced
5SOC term in Eq. (21). And it is governed by the Hamil-
tonian
h′a (k) =

 ω − ǫ J ′
(
1 + e−ik·l3
)
J ′∗
(
1 + eik·l2
)
ω − ǫ J ′ (1 + e−ik·l1)
h.c. ω − ǫ

 ,
(22)
where the nearest-neighbor hopping amplitude is given
by J ′ = J (1 + z/2). This would not affect the squeezing-
induced topological gap at k = 0 (Γ point) such that
ha (k) and h
′
a (k) have the same topological number. We
notice that h′a (k) corresponds to an Ohgushi-Murakami-
Nagaosa model [60] which has been well studied. It
has a nonvanishing flux per triangular plaquette given
by Φ = 3 arg
(
1 + e−i2pi/3ǫ/2ω
)
which breaks the time-
reversal (T ) symmetry, while the net flux is zero. Its
Chern number is then given by C = sgn (sinΦ) = −1 [60]
in the weak squeezing regime. Our analysis also confirms
the result that the squeezing interaction can be reduced
to an effective hopping [25].
B. Example of ultracold atoms in optical lattice
Next, we revisit another model where bosonic atoms
are loaded into the second band of a square optical lattice
[32], as shown in Fig. 2(a). Focusing on the p-orbitals,
the single-particle Hamiltonian is then given by
H0 (k) = (J3 + J4) (cos kx + cos ky) I4 + δσz ⊗ I2
+(J3 − J4) (cos kx − cos ky) I2 ⊗ σz
+4J1 cos
kx
2
cos
ky
2
σx ⊗ I2
−4J2 sin kx
2
sin
ky
2
σx ⊗ σx. (23)
Here σx,z are the conventional Pauli matrices. 2δ is the
offset energy of the double-well. J1 and J2 are the am-
plitudes of the nearest-neighbor hopping, while J3 and
J4 are the ones of next-nearest-neighbor hopping. (We
set the length of lattice vector as 1 for simplicity.) The
interaction among atoms generates a spontaneous time-
reversal symmetry breaking, leading to a chiral bosonic
superfluid [61]. Then after a mean-field approximation,
the BEs on top of the chiral superfluid are described
by a bosonic BdG Hamiltonian. As a difference from
the above photonic crystal model, the complete gapless
dispersion term Ha (k) here contains the tight-binding
Hamiltonian H0 (k) and also the contribution from the
contact atomic interaction. The dispersion and squeezing
terms of the BdG Hamiltonian are given by
Ha (k) = H0 (k) + ωI4 +∆σz ⊗ I2
= [ω + (J3 + J4) (cos kx + cos ky)] I4
+(∆+ δ) σz ⊗ I2
+(J3 − J4) (cos kx − cos ky) I2 ⊗ σz
+4J1 cos
kx
2
cos
ky
2
σx ⊗ I2
−4J2 sin kx
2
sin
ky
2
σx ⊗ σx, (24)
Hs ≡ −s1σz⊗σz+is1I2⊗σx−s2I2⊗σz+is2σz⊗σx, (25)
where s1,2 are the interaction intensities and ∆ = 4s2,
and ω is the parameter depending on both the tight-
binding model and atomic interaction.
The energy spectra of Ha (k) and ha (k) are presented
in Fig. 2(a–b), respectively. We see that Ha (k) is gap-
less, while ha (k) has a high-lying excitation gap opened
by the squeezing interaction. We then calculate the ap-
proximate BE spectra based on Eq. (18) and present the
result by the red dashed lines shown in Fig. 2(b). It
coincides with the exact solution (black solid lines) in
most area, except the vicinity of zero energy at K point
(k = (π, π)). Whereas, the Goldstone mode far away
from the gap is unimportant for our topological analysis.
The Chern number of the excitation bands below the gap
is −2.
Interestingly, in the single-particle picture, the band
structure of H0 (k) is gapped [32], while the contribution
of interaction to Ha (k) results in the dispersion gapless,
and the presence of the squeezing interaction Hs opens
a high-lying topological excitation gap. In other words,
the interaction-driven topological model must experience
the process of gap closing-and-opening. This topological
phase transition can be understood in the framework of
AZ class [3, 37, 38] since the the effective model ha (k) is
non-interacting. In ha (k), the term ∆σz⊗I2 contributed
from interaction closes the band gap shown in Fig. 2(b).
And then the squeezing-induced Zeeman coupling breaks
the time-reversal symmetry and opens an excitation gap
at (p, λ) point shown in Fig. 2(c). It acts as the role
of band-inversion [45–48] and results in the nonvanishing
Chern number.
Till now, the validity and power of Eq. (18) have been
verified. It lays a foundation for analyzing and construct-
ing topological bosonic BEs.
IV. MINIMAL CONSTRUCTIONS
In this section, we search for the minimal construc-
tion of both Z-type and Z2-type topological bosonic BEs.
The minimal model is expected to be analytically solv-
able with an intuitive physical picture. This is beneficial
to exploring more complicated model in realistic exper-
iments. Like the simplest free-fermion models [38], we
6X K
0
0.5
1
1.5
X K
0
0.5
1
1.5
(a)
K
X
(b) (c)
B A B
s
p 2δB
A
Figure 2. (color online) (a) Sketch of the optical square lattice
loaded cold atoms [32]. The dashed square denotes the unit
cell. The right panel shows the optical potential along the
direction of the black solid line. Band structure of (b) Ha (k)
and (c) ha (k). In (b), the square denotes the Brillouin zone.
In (c), the black solid and red dashed lines denote the exact
and approximate BE spectra, respectively. The parameters
are given by J1 = 0.0555ER , J2 = 0.0912ER, J3 = 0.0158ER,
J4 = −0.0098ER, δ = 0.06ER, ω = 0.5789ER, s1 = 0.1ER,
s2 = −0.0106ER and ER is the recoil energy of
87Rb atom,
which are the same as Ref. [32].
adopt the elegant Clifford algebra to build a two-band
bosonic BdG Hamiltonian. Meanwhile, a momentum-
independent squeezing interaction is designed for gener-
ating topological BEs. To be more specific, Ha (k) is
assumed to be
Ha (k) = λI + r (k) · γ, (26)
where r (k) = (r1, r2, · · · ) is a set of real functions of k
and γ = (γ1, γ2, · · · ) is a set of Clifford generators sat-
isfying {γm, γn} = 2δmnI. The domain of k can either
be a compactized Euclidean space Rd ∪ ∞ = Sd (for
free-propagating bosons) or reciprocal space T d (for lat-
tice models). We further assume one band-crossing point
determined by r (p) = 0 which locates at a inversion-
invariant (crystal) momentum p = −p. The squeezing
interaction is chosen as the simplest on-site interaction
Hs ≡ ξI + s · γ, (27)
where ξ is a complex number and s is a real vector satis-
fying (s ·γ)⊤ = s ·γ. The transpose symmetry Hs = H⊤s
guarantees that H (k) obeys the particle-hole symmetry
described by Eq. (3).
Applying the perturbation theory discussed in Sec. III,
we obtain the effective non-interacting Hamiltonian
which is given by
ha (k) = ηI + r (k) · γ − Reξ
λ
s · γ, (28)
where η = λ − (|ξ|2 + ‖s‖2)/2λ. The squeezing-induced
correction simply reduces to a mass term −Reξ (s · γ) /λ,
which opens a topological excitation gap around the orig-
inal band-crossing point, e.g. Dirac point. We immedi-
ately infer that the effective Hamiltonian of bosons re-
produces the minimal construction of fermionic topolog-
ical insulators. We can utilize the well-studied fermionic
models to create the related bosonic versions for generat-
ing topological BEs, and two examples are given below.
A. Z-type topological BE
Firstly, we attempt to construct a two-dimensional
bosonic BdG model which supports a Z-type topologi-
cal BE. The Hamiltonian has no other symmetry except
the intrinsic particle-hole symmetry and the topological
invariant of ha (k) is characterized by a Chern number.
The Hamiltonian in form of Eqs. (26–27) is set as [62]
r (k) = J (sinkx, sin ky, cos kx + cos ky) , (29)
and s = (0, 0, s). The Clifford generators are chosen
as Pauli matrices, i.e., γ = (σ1, σ2, σ3). The spectra of
Ha (k) and ha (k) are compared in Fig. 3(a).
We obtain two Dirac points of Ha (k) from r (k) = 0
which locate at (0, π) and (π, 0). In the presence of
squeezing, the mass term − (sReξ/λ)σ3 derived from
Eq. (28) may open an excitation gap and extremely
changes the Berry curvature close to each Dirac cone.
The gapped condition of the effective Hamiltonian ha (k)
can be calculated as |sReξ/λJ | 6= 2. The Chern number
of the lower excitation band is given by
C =
{
−sgn (sReξ/λJ) , |sReξ/λJ | < 2,
0, |sReξ/λJ | > 2. (30)
It equals to the winding number (Brouwer degree [63]) of
r (k) − Reξλ s which maps T 2 to R3\0 ≈ S2. This model
shows that the simplest Dirac-like construction is able to
generate nontrivial bosonic BE.
B. Z2-type topological Bogoliubov excitations
Next, we construct a three-dimensional model with
time-reversal symmetry, whose topology is characterized
by a Z2 invariant. Like the above construction, the
Hamiltonian in form of Eqs. (26–27) is chosen as [47]
r (k) = J
(
sinkx, sin ky, sin kz,
∑
n=x,y,z
cos kn + 1
)
,
(31)
and s = (0, 0, 0, s). The parameter ξ is set as a real
number. The Clifford generators γ = (γ1, γ2, γ3, γ4) are
γ4 =
(
I2
−I2
)
, γn =
(
σn
σn
)
, (32)
7Figure 3. (color online) Band structures of (a) Z-type and (b)
Z2-type topological bosonic BE. The blue dotted lines denote
the spectra of Ha (k), while the black solid and red dashed
lines denote the exact and approximate spectra of ha (k), re-
spectively. The approximate result is from Eq. (28). The
square and cube denote the Brillouin zones in which the blue
dots denote the locations of Dirac points. Parameters are
λ = 5J and ξ = s = J .
where n = 1, 2, 3. The Hamiltonian H (k) not only
satisfies the particle-hole symmetry Eq. (3) but also re-
spects T symmetry U−1T H
∗ (−k)UT = H (k) with UT =
I4 ⊗ σ2. We also confirm that the effective Hamiltonian
ha (k) given by Eq. (28) preserves the T symmetry, i.e.,
u−1T h
∗
a (−k)uT = ha (k) with uT = I2 ⊗ σ2.
Figure 3(b) illustrates the spectra ofHa (k) and ha (k).
There are three Dirac points located at (0, π, π), (π, 0, π)
and (π, π, 0). The squeezing-induced mass term opens a
gap close to these Dirac cones if |ξs/λJ − 1| 6= 1, 3. The
effective Hamiltonian ha (k) thus describes a T -invariant
topological insulator. Its energy bands have Kramer’s
degeneracy so that the Chern number of the lowest bands
always vanishes. The corresponding topological feature
is characterized by a Z2 invariant which is given by
ν =
{
1, |ξs/λJ − 1| ∈ (1, 3) ,
0, |ξs/λJ − 1| ∈ [0, 1) ∪ (3,+∞) . (33)
This model shows that the minimal construction is able
to generate various types of topological bosonic BEs.
Our construction is potentially realizable in bosonic
systems. The platforms like optical lattices with cold
atoms [10, 64, 65], magnonic crystals [66–71] and pho-
tonic crystals [51, 52, 59, 72, 73] are accessible for the
single-particle models. Whereas, the actual challenge for
experiments is the realization of the required squeezing
interaction. Apart from magnonic materials in which
topological gap and Weyl points have been observed with
the aid of theoretical calculations [15, 19, 74–76], here
we predict that the photonic crystals might be another
candidate. The photonic array is made of optically non-
linear materials with second-order nonlinear susceptibil-
ity χ(2). When the system is coherently pumped with
the frequency matching condition (i.e., one photon res-
onantly converting to two photons), the auxiliary mode
can be treated classically and the squeezing interaction
then emerges [43]. Such a squeezing can be tuned by ad-
justing the amplitude and phase of the pump. And the
construction based on k-independent squeezing interac-
tion would make the implementation easier.
V. CONCLUSIONS
In summary, we have established a framework for the
topological analysis and construction of bosonic BdG
models in the weak interaction limit. An effective non-
interacting Hamiltonian has been derived from a squeez-
ing transformation. After a perturbation truncation, the
squeezing interaction has been found to play an essen-
tial role as an effective SOC. For the squeezing-induced
topological gap opening upon a gapless band disper-
sion, the effective SOC has further been simplified as a
momentum-independent Zeeman coupling. Then the for-
mulation has been applied to two existed models, which
gives deeper understandings on their topological struc-
tures. Finally, the minimal construction of various types
of topological bosonic BEs has also been built based on
the Clifford algebra and two concrete examples have been
provided, which are applicable for experiments.
Our work opens up the studies of squeezed topologi-
cal phases in future. Firstly, the squeezing properties of
the bulk and edge BE modes could be further investi-
gated based on the squeezing transformation. Since the
BdG system can be transformed to a non-interacting one,
the bulk-edge correspondence for bosonic system may be
strictly established. Secondly, the Z2-type topological
bosonic BE has very few examples at the present stage.
It is probable to find more examples in photonic crystal
and cold atom system with the help of our perturbation
formula. Lastly, the topological analysis toward the gap-
less points in bosonic BE bands is also an interesting
topic.
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Appendix A: Generic quadratic bosonic model
Here we discuss the generic case that matrix H (k) =(
Ha Hs
H†s Hb
)
has no symmetric constraint. Now the field
operator turns to φˆ†k =
(
aˆ
†
k, bˆ−k
)
which contains in-
8dependent creation part aˆ†k and annihilation part bˆk =(
bˆk,1, · · · , bˆk,N ′
)
. And the Hamiltonian is written as
Hˆ =
∑
k
φˆ†kH (k) φˆk (A1)
without factor 1/2. Physically, this system consists of
a pair of bosonic tight-binding models
∑
k aˆ
†
kHa (k) aˆk
and
∑
k bˆ−kHb (k) bˆ
†
−k coupled by two-mode squeezing
interactions
∑
k aˆ
†
k
Hs (k) bˆ
†
−k + h.c.. This construction
in zero dimension has been widely studied in quantum
optics .
Similar to the above treatment, we adopt a new
squeeze operator
Sˆ = exp
∑
k
[
a
†
kw (k) b
†
−k − h.c.
]
(A2)
to achieve the previous transformation
Sˆ†HˆSˆ =
∑
k
φˆ†kh (k) φˆk, h = e
WHeW , (A3)
and keep choosing W by Eq. (10), arriving at block-
diagonal matrix h (k) =
(
ha (k)
hb (k)
)
. Eventually,
the Hamiltonian in the squeezed state representation con-
sists of two isolated non-interacting systems, given by
Sˆ†HˆSˆ =
∑
k
aˆ
†
kha (k)ak +
∑
k
bˆ−khb (k) b
†
−k. (A4)
The topological information of quadratic bosonic sys-
tem Hˆ is fully contained in the effective Hamiltonian
h (k) = ha (k)⊕ hb (k), characterized by two AZ classes.
The approximate formula of ha (k) is still given by Eq.
(18) if the system has the squeezing-induced gap. And
hb (k) can be approximated by the same procedure, i.e.,
hb (k) = Hb (k)−
[
H†s (Ha + λ
′I)
−1
Hs
]
k=p′
, (A5)
where (p′, λ′) is a band-crossing point of Hb (k).
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